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a b s t r a c t
For a (molecular) graph, the first Zagreb index M1 is equal to the sum of squares of the
vertex degrees, and the second Zagreb index M2 is equal to the sum of the products of
degrees of pairs of adjacent vertices. In this paper, we study the Zagreb indices of graphs of
order n with κ(G) ≤ k (resp. κ ′(G) ≤ k) and sharp lower and upper bounds are obtained
for M1(G) and M2(G) for G ∈ V kn (resp. E kn ), where V kn is the set of graphs of order n with
κ(G) ≤ k ≤ n− 1, and E kn is the set of graphs of order nwith κ ′(G) ≤ k ≤ n− 1.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
A single number that can be used to characterize some property of the graph of a molecule is called a topological index.
For quite some time interest has been rising in the field of computational chemistry in topological indices that capture
the structural essence of compounds. The interest in topological indices is mainly related to their use in nonempirical
quantitative structure–property relationships and quantitative structure–activity relationships. One of the most important
topological indices is thewell-known Zagreb indices introduced in [1,2]. For amolecular graphG, the first and second Zagreb
indices,M1 andM2, respectively, are defined as:
M1 = M1(G) =
∑
u∈V (G)
d(u)2, M2 = M2(G) =
∑
uv∈E(G)
d(u)d(v),
where d(·) denotes the degree of the corresponding vertex. They reflect the extent of branching of the underlyingmolecular
structure [3,1,2,4,5]. Their main properties were recently summarized in [6–9].
Recently, finding bounds for the topological index of graphs, as well as the related problem of finding the graphs with
maximum or minimum value of the respective index, attracted the attention of many researchers and many results were
obtained. Indeed, over a significant class of graphs, the bounds for M1 and M2 were obtained (see [7,8,10–26]). Especially,
Liu and Gutman [8] determined the upper bounds for Zagreb indices of connected graphs; Zhou [27] presented sharp upper
bounds for the Zagreb indicesM1 andM2 of a graph, particularly for triangle-free graphs, in terms of the number of vertices
and the number of edges; Cheng et al. determine upper and lower bounds for M1-value of bipartite graphs with a given
number of vertices and edges; see [25].
To the best of our knowledge, the Zagreb indices of connected graphs with (edge) connectivity at most k were, so far,
not considered in the chemical literature. On the other hand, connected graphs with (edge) connectivity at most k represent
important classes of molecules. Here we are concerned about graphs with (edge) connectivity at most k.
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Fig. 1. Graph K kn .
In order to formulate our results, we need some graph-theoretical notation and terminology. For other undefined ones,
the reader is refereed to [28].
Let G = (V , E) be a simple undirected graph. For v ∈ V (G), let NG(v) (or N(v) for short) be the set of all neighbors of v
in G and let d(v) = |N(v)| be the degree of v. For e 6∈ E(G), we use G + e to denote the graph obtained by adding e to G.
For any setW of vertices (edges), G −W and G +W are the graphs obtained by deleting the vertices (edges) inW from G
and adding the vertices (edges) inW to G, respectively. If G is connected and G−W is disconnected, then we say thatW is
a w-vertex (-edge) cut of G where w = |W |. When ∅ 6= V ′ ⊆ V (G), the induced subgraph G[V ′] consists of V ′ and all edges
whose endpoints are contained in V ′.
For k ≥ 1, we say that a graph G is k-connected if either G is a complete graph Kk+1, or else it has at least k + 2 vertices
and contains no (k− 1)-vertex cut. Similarly, for k ≥ 1, a graph is a k-edge-connected if it has at least two vertices and does
not contain an (k − 1)-edge cut. The maximal value of k for which a connected graph G is k-connected is the connectivity
of G, denoted by κ(G). If G is disconnected, we define κ(G) = 0. The edge connectivity κ ′(G) is defined analogously. If G is a
graph of order n, we may have the following facts.
(1) κ(G) ≤ κ ′(G) ≤ n− 1, and
(2) κ(G) = n− 1, κ ′(G) = n− 1 and G ∼= Kn are equivalent.
We denote,respectively, by Pn and Kn the path, and the complete graph each with n vertices. We denote by V kn the set
of graphs of order n with κ(G) ≤ k ≤ n − 1, and by E kn the set of graphs of order n with κ ′(G) ≤ k ≤ n − 1. The graph
K kn is a graph obtained by joining k edges from k vertices of Kn−1 to an isolated vertex as shown in Fig. 1. It is obvious that
K kn ∈ E kn ⊆ V kn .
In this paper, we investigate the Zagreb indices of G ∈ V kn (resp. E kn ) and give sharp upper and lower bounds for M1(G)
andM2(G), respectively.
2. Lemmas and results
In this section, we shall determine the sharp upper and lower bounds for M1(G) and M2(G) of graph G ∈ V kn (resp. E kn ).
For v ∈ V (G), let dv denote the degree of vertex v in G.
Lemma 2.1 ([29,30]). Let T be any tree of order n. If T is different from Pn, then M1(T ) > M1(Pn) and M2(T ) > M2(Pn).
Lemma 2.2. u, v ∈ V (G), if uv 6∈ E(G), then
M1(G+ uv) > M1(G), M2(G+ uv) > M2(G).
Proof. By the definition of Zagreb indices, the results follow immediately. 
Lemma 2.3. Let G be a connected graph and u, v be two vertices of G. Suppose v1, v2, . . . , vs ∈ N(v) \ N(u), 1 ≤ s ≤ dv . Let
G∗ = G− {vv1, vv2, . . . , vvs} + {uv1, uv2, . . . , uvs}. If du ≥ dv and u is not adjacent to v, then
M1(G∗) > M1(G) and M2(G∗) > M2(G).
Proof. By the definition ofM1(G), we have
M1(G∗)−M1(G) = (du + s)2 − d2u + (dv − s)2 − d2v
= 2s2 + 2s(du − dv) > 0.
The last inequality follows by du ≥ dv . Therefore,M1(G∗) > M1(G).
130 S. Li, H. Zhou / Applied Mathematics Letters 23 (2010) 128–132
Let E1 = {e ∈ E(G)|e = vjvk, {vj, vk} ∩ {u, v} = ∅}. Note that
M2(G∗) =
∑
vjvk∈E1
dvjdvk +
∑
vi∈NG(u)\NG(v)
(du + s)dvi +
∑
vi∈NG(v)\NG(u)
(s+ du)dvi +
∑
vi∈NG(v)∩NG(u)
[(s+ du)+ (dv − s)]dvi .
and
M2(G) =
∑
vjvk∈E1
dvjdvk +
∑
vi∈NG(u)\NG(v)
dudvi +
∑
vi∈NG(v)\NG(u)
dvdvi +
∑
vi∈NG(v)∩NG(u)
[du + dv]dvi .
Hence,
M2(G∗)−M2(G) =
∑
vi∈NG(u)\NG(v)
sdvi +
∑
vi∈NG(v)\NG(u)
(s+ du − dv)dvi > 0.
The last inequality follows by du ≥ dv . This completes the proof of Lemma 2.3. 
Two graphs are said to be disjoint if they have no vertex in common. Let G1 and G2 be two disjoint graphs, we shall by
G1 u G2 denote the graph obtained from G1 ∪ G2 by joining all the vertices of G1 to all the vertices of G2.
Lemma 2.4. Let G(j, n−k− j) = KjuHkuKn−k−j be a graphwith n vertices, where Hk is a k-vertex graph, k ≥ 1. If 2 ≤ j ≤ n−k2 ,
then
Mi(G(j, n− k− j)) < Mi(G(1, n− k− 1))
for i = 1, 2.
Proof. For i = 1, we have
M1(G(j, n− k− j))−M1(G(j− 1, n− k− j+ 1))
= j(j+ k− 1)2 + (n− k− j)(n− j− 1)2 − (j− 1)(j+ k− 2)2 − (n− k− j+ 1)(n− j)2
= (j+ k− 1)2 − (n− j)2 + (j− 1)[2(j+ k− 2)+ 1] − (n− k− j)[2(n− j− 1)+ 1]. (2.1)
Note that 2 ≤ j ≤ n−k2 , hence we have
j+ k− 1 < j+ k ≤ n− j, j+ k− 2 ≤ n− j− 2 < n− j− 1 and j− 1 < j ≤ n− k− j.
Thus we have
(j+ k− 1)2 − (n− j)2 < 0
and
(j− 1)[2(j+ k− 2)+ 1] − (n− k− j)[2(n− j− 1)+ 1] < 0.
In view of Eq. (2.1), we have
M1(G(j, n− k− j))−M1(G(j− 1, n− k− j+ 1)) < 0.
Repeatedly using the above method, we obtain
M1(G(1, n− k− 1)) > M1(G(2, n− k− 2)) > · · · > M1
(
G
(⌊
n− k
2
⌋
,
⌈
n− k
2
⌉))
.
For i = 2, let V (Kj) = {v1, v2, . . . , vj} and V (Kn−k−j) = {u1, u2, . . . , un−k−j}. Since du1 ≥ dv1 , by Lemma 2.3, we have
M2(G∗) > M2(G(j, n− k− j)), where
G∗ = G(j, n− k− j)− {v1v2, v1v3, . . . , v1vj} + {u1v2, u1v3, . . . , u1vj}.
Note that
G(1, n− k− 1) = G∗ + {u2v2, u2v3, . . . , u2vj} + {u3v2, u3v3, . . . , u3vj} + · · · + {un−k−jv2, un−k−jv3, . . . , un−k−jvj}.
In view of Lemma 2.2,M2(G∗) < M2(G(1, n− k− 1)). ThereforeM2(G(j, n− k− j)) < M2(G(1, n− k− 1)). 
Now we can determine the sharp upper bounds forM1(G) andM2(G) of G ∈ V kn .
Theorem 2.5. Among all the graphs G in V kn , we have
M1(G) ≤ k(n− 1)2 + k2 + (n− k− 1)(n− 2)2, (2.2)
M2(G) ≤ k2(n− 1)+
(
k
2
)
(n− 1)2 +
(
n− k− 1
2
)
(n− 2)2 + k(n− k− 1)(n2 − 3n+ 2), (2.3)
the equality in (2.2) (respectively, (2.3)) holds if and only if, G ∼= K kn .
S. Li, H. Zhou / Applied Mathematics Letters 23 (2010) 128–132 131
Proof. By an elementary calculation, we have
M1(K kn ) = k(n− 1)2 + k2 + (n− k− 1)(n− 2)2
and
M2(K kn ) = k2(n− 1)+
(
k
2
)
(n− 1)2 +
(
n− k− 1
2
)
(n− 2)2 + k(n− k− 1)(n− 1)(n− 2).
Hence, we are to show that for every G ∈ V kn ,Mi(G) ≤ Mi(K kn ), and the equality holds if and only if G ∼= K kn , where i = 1, 2.
Note that K n−1n (∼= Kn) is in V n−1n , by Lemma 2.2, the theorem holds for k ≥ n − 1. For 1 ≤ k ≤ n − 2, let G∗1 (resp. G∗2)
be the n-vertex graph with the maximal M1- (resp. M2-) value in V kn , i.e., Mi(G) ≤ Mi(G∗i ), i = 1, 2, for all G ∈ V kn . Note
that G∗i ∈ V kn and G∗i is not a complete graph, hence G∗i has a k-vertex cut, i = 1, 2. Without loss of generality, assume that
V1 = {v1, v2, . . . , vk} is a k-vertex cut of G∗i , i = 1, 2. Let ω(G) denote the number of connected components of G. In the
following, we will prove some claims.
Claim 1. ω(G∗i − V1) = 2, i = 1, 2.
Proof of Claim 1. Here we only prove that the claim is true for G∗1 . Use the samemethod, we can show that the claim is also
true for G∗2 . Suppose that, on the contrary, G
∗
1 − V1 contains at least three components G1,G2, . . . ,Gt , t ≥ 3. Let u ∈ V (Gi)
and v ∈ V (Gj), i 6= j and i, j ∈ {1, 2, . . . , t}. It is obvious that V1 is also a k-vertex cut of G∗1 + uv; i.e., G∗1 + uv ∈ V kn . By
Lemma 2.2, we haveM1(G∗ + uv) > M1(G∗1), which contradicts the choice of G∗1 . This completes the proof of Claim 1. 
Therefore, without loss of generality, we assume that G∗1−V1 (resp. G∗2−V1) contains exactly two connected components
denoted by G1 and G2,.
Claim 2. Both G∗1[V (Gi) ∪ V1] and G∗2[V (Gi) ∪ V1] are cliques, i = 1, 2.
Proof of Claim 2. For i = 1 or 2, if G∗2[V (Gi) ∪ V1] is not a clique, then there is a pair of vertices, say u, v, in V (Gi)
⋃
V1
such that uv 6∈ E(G∗2[V (Gi) ∪ V1]). Note that G∗ + uv ∈ V kn , hence by Lemma 2.2, we have Mi(G∗2 + uv) > Mi(G∗2), which
contradicts the choice of G∗2 . Similarly, we can also show that G
∗
1[V (Gi)∪ V1] is a clique for i = 1, 2. Thus Claim 2 holds. 
From Claim 2, it is clear that all G1 and G2 are cliques. Then we write Kni instead of Gi, for i = 1, 2, in the rest of the proof,
where ni = |Gi|.
Claim 3. Either n1 = 1 or, n2 = 1.
Proof of Claim 3. Suppose that, contrary to our claim, ni ≥ 2, i = 1, 2. Then let
G′ = K1 u G∗[V1] u Kn−k−1.
It is straightforward to check thatG′ ∈ V kn . In viewof Lemma2.4,we haveMi(G∗i ) < Mi(G′), for i = 1, 2,which contradicts
the choice of G∗i , i = 1, 2. 
By Claim 3, Theorem 2.5 holds. 
Since K kn ∈ E kn ⊆ V kn , the following corollary is obvious.
Corollary 2.6. Among all the graphs G in E kn , we have
M1(G) ≤ k(n− 1)2 + k2 + (n− k− 1)(n− 2)2,
M2(G) ≤ k2(n− 1)+
(
k
2
)
(n− 1)2 +
(
n− k− 1
2
)
(n− 2)2 + k(n− k− 1)(n− 1)(n− 2),
and for each of the inequalities, the equality holds if and only if, G ∼= K kn .
In the following wewill give sharp lower bounds forM1(G) andM2(G) of G ∈ V kn (respectively, E kn ). In view of Lemma 2.2
and the definition of V kn (respectively, E
k
n ), we have the following fact.
Fact 1. Let G ∈ V kn (resp., E kn ), for any e ∈ E(G), we have
(i) G− e ∈ V kn (resp., E kn ).
(ii) M1(G− e) < M1(G) and M2(G− e) < M2(G).
If we choose G in V kn (respectively, E
k
n ) such that its M1- and M2-value is as small as possible, then in view of Fact 1, we
obtain that G is an n-vertex tree. In view of Lemma 2.1 and by direct computing, we have
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Theorem 2.7. Among all the connected graphs in V kn , k > 0,
M1(G) ≥ 4n− 6 and M2(G) ≥ 4n− 8,
and for each of the inequalities, the equality holds if and only if, G ∼= Pn.
Note that Pn ∈ E kn ⊆ V kn , the following corollary is obvious.
Corollary 2.8. Among all the connected graphs in E kn , k > 0,
M1(G) ≥ 4n− 6 and M2(G) ≥ 4n− 8,
and for each of the inequalities, the equality holds if and only if, G ∼= Pn.
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